Abstract In this paper, the main goal is to present an experimental comparison of the two prevailing contact modeling approaches of the bipedal locomotion, i. e. rigid versus compliant contact model. To do this, first, an explicit dynamics model for the robot multibody with rigid model of contact for various phases of walking is developed. Then, in order to develop a model with compliant contact, a physically oriented software is exploited and using its tools the robot multibody is modeled. To model the unilateral contact in interaction points in this software, a nonlinear compliant contact model is proposed. Finally, the drive mechanism dynamics is modeled through a linear identification routine. By adding the drive system dynamics to both models, the procedure of modeling is completed. In order to compare the performance of the developed models, obtained results from these models are compared to the empirical measurements from bipedal walking of the human-size humanoid robot SURENA III, which has been designed and fabricated at CAST, university of Tehran. This comparison shows the merit of both models in estimating dynamic behavior, while the model with rigid contact with less complexity can be employed for model-based motion optimization, analysis as well as control, and the model with compliant contact with more complexity is suitable for more realistic simulation scenarios.
Introduction
Due to the complex structure of humanoid robots and their nonlinear and hybrid dynamics, developing a tool for simulating these sophisticated machines is significantly important. This tool may be exploited in the hardware design procedure, generated walking patterns simulation and analysis, and model-based controller design process of humanoid robots.
Regarding the hardware selection in the design procedure of humanoid robots, a comprehensive dynamics model including motors and drive system dynamics, sensors and multibody dynamics, and contact mechanics is needed [2, 3] . In this stage, there is no constraint on the computation load and cost. Hence, the more realistic the model is, the better the hardware selection may be carried out. Hence, a thorough dynamics model or simulation environment in this stage will lead to an appropriate components choice for the robot [27, 31] .
To generate walking patterns for humanoid robots in real-time, methods based on an abstract model of the robot dynamics [19] have been successfully deployed [7, 9, 10, 11, 21, 22] . Furthermore, for more complicated tasks, the centroidal momentum dynamics [35] has been shown to be very effective [4, 5, 14, 39, 47] . However, in order to optimize the motion in terms of actuation or energetics, a full dynamics model of the robot is required [26, 29, 48] . Since the full dynamics of a humanoid robot is high-dimensional and exploiting it in motion generation results in high computation burden, it is not possible to use them to generate motions in real-time based on the state of the art computational power. However, as the technology progresses and the mathematical tools become mature, the use of full dynamics to generate efficient motions in real-time becomes relevant. Therefore, adopting a validated explicit dynamics model will lead to generating optimal dynamic behavior for the robot locomotion.
In order to map generated walking patterns to the full body of a humanoid robot, various whole body controllers have been proposed [12, 15, 28] . These controllers use the full dynamics of the robot to compute joint torques consistent with the generated trajectories for the robot and various constraints on the contact and actuation. Having a precise dynamics model of the robot which can be evaluated very fast can result in a high frequency update of the control inputs.
As demonstrated by previous works, developing a comprehensive dynamics model is the first step in the design procedure, motion optimization, and modelbased control of robots, especially humanoids. In order to derive a comprehensive dynamics model, effects of various components that take part in the motion of the robot should be taken into account. The major effects for a legged robot are the rigid body dynamics, robot-environment contact mechanics, and the drive system dynamics.
Since biped robots interact with the environment through their feet, (and for more complex tasks through their hands [4, 34, 39] ), this contact should be modeled. In this notion, two approaches are typically adopted by the researchers [49] . In the first approach, the contact between the feet and the ground surface is considered to be rigid. In this method, it is assumed that there is no deflection between the feet and the ground surface, and complementary condition is considered at each contact point. Then, consistent with constraints, forces and moments are considered and mapped to the joint space of the robot. Since contact points vary during different phases, the dynamics model is different during various phases of the motion. Second approach uses compliant elements to model the contact. In this method, springs and dampers at contact points are assumed. Besides some researchers who adopted linear springs and dampers [2, 13, 37, 40, 42] , others exploited nonlinear elements to achieve a model that is more compatible with the reality [16, 32, 33, 36, 50] . In this approach which is known as penalty method, the unilaterality conditions are added to the springs and dampers.
Both dynamics models with rigid and compliant contact have been used extensively in previous works. However, to the best of our knowledge, none of them have done a thorough analysis on the attributes of each model and their differences. In this paper, our main goal is to present an experimental comparison of the two prevailing contact modeling approaches of bipedal locomotion, i. e. rigid contact and compliant contact model. As a result, we employ two approaches:
-In the first approach, the robot dynamics is developed without interaction with the environment (flight phase). Then, in order to take into account the interaction between the feet and the ground surface, the contact is considered to be rigid. In this method, holonomic constraints are considered at each interaction point, and using the constraint relaxation method [1] , each constraint is replaced by an unknown force/moment. Then, a solution for the inverse dynamics is suggested to compute the joint torques and interaction forces/moments for a given motion. This approach is relatively simple and employs some assumptions, i. e. the motion is impactless, the interaction forces/moments are feasible, the motion phase is given, etc. It seems necessary to note that if modeling the impact is essential as in the passive walkers case, a model of impulsive forces for computing the post-impact velocity can be employed which increases significantly the complexity of the model [17] . -In the second approach, the interaction is modeled employing a compliant contact model. The proposed contact model in this paper is a novel approach that has the desired contact properties. Exploiting this novel contact model, and modeling the multi-body of the robot in an available physical engine, we simulate motion of the robot with a compliant contact model. Although this model is more complicated with respect to the one with rigid contact model, it uses fewer assumptions. For example, impacts are simulated, or advance knowledge about the motion phase is not required. As a result, this approach is more suitable for simulating motion of the robot in a more realistic scenario. However, complexity of this approach limits its application in the motion optimization or the design of model-based controllers.
In order to improve the models precision, we add the identified drive dynamics to the computed torques of both models (see Fig. 1 ). Then, obtained results from the two methods are compared and their differences, and their advantages/disadvantages are discussed. The rest of this paper is structured as follows: In Sect. 2, the multibody dynamics model with rigid contact is developed. Section 3 is dedicated to the modeling of the robot in a physical engine with compliant interaction. In Sect. 4, the drive system identification procedure is presented. In Model with compliant contact Fig. 1 The proposed control framework Sect. 5, obtained simulation and experimental results from a 3D humanoid bipedal walking are presented and discussed. Finally, Sect. 6 concludes the findings.
Model with rigid contact
In this section, we develop the equations of motion and the inverse dynamics solutions in different phases for a biped robot with rigid contact model. To do this, first, the robot is considered without any interaction with its environment and the flight-phase dynamics of the robot is developed. Then, the rigid contact model is adopted and consistent with holonomic constraints at contact points, unknown forces and moments are exerted. Finally, constrained dynamics model in each phase is developed and the inverse dynamics solution for each phase is computed. The set of generalized coordinates which describes motion of the robot is considered as:
where q p ∈ 6 is a vector which describes motion of the pelvis (the freefloating generalized coordinates) with respect to the inertial coordinate system. q rl , q ll ∈ N are the right and left leg joint vectors, while q rh , q lh ∈ L are the vectors which describe arm joint angles. q tr ∈ M is the vector of the upper-body joints (trunk and waist joints, see Fig. 2 ).
The set of equations of motion for the robot with no interaction with the environment can be stated as:
In this equation, M ∈ (6+M +2N +2L)×(6+M +2N +2L) is the generalized inertia matrix, V ∈ (6+M +2N +2L) groups together the Coriolis as well as centrifugal effects, and G ∈ (6+M +2N +2L) contains the gravity terms. Moreover, Q ∈ (6+M +2N +2L) is the vector which specifies generalized forces acting on the robot. This term varies during different phases of the motion. In the case that the robot does not interact with the environment (flight phase), Q is:
Where τ ∈ (M +2N +2L) is a vector including joint torques and can be stated as:
Moreover, B is a constant matrix which projects joint torques to the space of generalized coordinates. Since we used the relative joint angles as generalized coordinates, matrix B is:
Now, in order to obtain the constrained dynamics model in different phases of motion with various interactions, constraints in each phase should be specified, which will be discussed in the rest of this section. It should be noted that we just investigate flat-feet walking phases in this paper, while other gait phases such as toe-off and heel-contact have been investigated in our last works [8, 43, 44] .
Single Support Phase (SSP)
The Single Support Phase (SSP) is the phase that one of the feet is fixed to the ground surface and the other moves on a desired trajectory. In the case that the stance foot does not slip or rotate around its edges, it can be assumed that this foot is fixed to the ground. As long as the ZMP is within the support polygon during motion and no-slip constraints are satisfied, this assumption is valid. In fact, we consider the rigid contact model at the contact points which means that the contact points are stationary. Hence, holonomic constraints that are used for the stance foot may be specified as:
In this equation, X s represents the position of an arbitrary point on the stance foot and θ 0 is the orientation of the stance foot, while C is a constant vector. Using constraint relaxation method [1] , consistent with these constraints, interaction forces and moments can be substituted in the task space. Then, using the transpose of Jacobian of contact points, these interaction components are mapped to the space of generalized coordinates. This way, in the SSP, the generalized force vector can be stated as:
In this equation, F ∈ 6 is the vector including interaction forces and moments acting on the stance foot reference point. Furthermore, J ∈ 6×(6+M +2N +2L)
represents the Jacobian of the stance foot reference point resolved in the inertial coordinate system.
In order to solve the inverse dynamics problem, the compact form of the obtained dynamics model in the SSP may be related as:
Since in this equation B J T ∈ (6+M +2N +2L)×(6+M +2N +2L) is a squared matrix, the unique inverse dynamics solution is ( B J T should be invertible):
Double Support Phase (DSP)
The Double Support Phase (DSP) is the phase that both feet are in contact with the ground surface. In this phase, the holonomic constraints of Eq. (6) are applied to both feet, hence interaction forces are exerted on both feet. The generalized force vector in this phase is:
In this equation, indexes rf and lf specify right and left foot interaction points, respectively. By introducing Eq. (10) to Eq. (2), the constrained dynamics model in the DSP can be obtained:
In this case, the matrix B J
The reason is that during the DSP, the legs constitute a closed kinematic chain. In fact, the actuation redundancy in this phase makes the set of Eq. (11) under-determined. As a result, the inverse dynamics problem has infinite number of solutions. By defining C and D as:
The set of all solutions of the inverse dynamics problem is:
where [] † is the Moore-Penrose inverse (right Pseudo-inverse), and k is an arbitrary constant vector and I is the identity matrix. One of the interesting solutions of this problem is:
This solution set yields the minimum quadratic norm of the joint torques and interaction forces and moments.
It should be noted that the unconstrained inverse dynamics solution in this section is obtained for a set of feasible trajectories. In fact, we assumed that feasible trajectories are planned and mapped to the joint space using inverse kinematics [25] , and then Eq. (9) and Eq. (15) are used to compute actuation torques and interaction forces for the SSP and DSP. As a result, these solutions are valid as long as the stance foot (feet) is stationary and does not slip or tip over. The feasibility constraints are taken into account using inequality constraints inside a whole body controller to generate feasible torque commands [34, 4, 39] . However, since our main goal in this paper is just to compare the models with rigid and compliant contacts, we solved the unconstrained problem for a given feasible motion.
Model with compliant contact
In this section, we aim at modeling multibody of the robot in a physical engine and simulating its motion with a compliant contact model. To do this, the robot with a specified number of DOF is modeled with its joints and links and free base. The free base resembles the unactuated DOF. Therefore, in order to model the robot in a physical engine, we should define a body (pelvis) which has 6 DOF with respect to the inertial coordinate system. Then, each limb with its joints and links should be connected to the free base to result the multibody model in the software. In Fig. 3 the multibody of the robot with and without upper-body DOF modeled in two different physical engines are shown.
In order to model the contact between the feet and the environment in the physical engine, we employ a compliant contact model. This model exploits springs and dampers at contact points to resemble compliant unilateral contact in real situation. In the rest of this section, after reviewing available compliant contact models in the literature, a nonlinear contact model is proposed and adopted for modeling the robot-environment interaction in the physical engine.
Related work
A vast number of models have been suggested by researchers for compliant contact modeling between the feet and the ground surface. For contact modeling in the normal direction to the interacting bodies, [37, 2, 13, 42, 40] employed a linear viscoelastic model. In their model, the normal contact force is stated as:
where δz and δż are the deflection and rate of penetration, respectively. Also, k z and c z are the stiffness and damping ratio of the springs and dampers. In this model, the unilateral contact constraints are taken into account using a penalty function. [50] used the same model with nonlinear dampers, where the damping ratio is a function of the penetration depth:
In this equation, c max and h are constants. [32] proposed a linear spring and nonlinear damper to model the normal contact force:
Similarly, [16] exploited a nonlinear viscoelastic model to model the foot-ground interaction:
where k z and c z are constant. [36] exploited a nonlinear spring and damper to simulate motion of a biped robot. In this model, the normal contact force is formulated as:
where δz specifies the penetration of the contact point below the contact surface, k z (δ z ) is the deformation-dependent stiffness, α is a constant which defines the relation between the coefficient of restitution and the impact velocity. Also, [33] proposed a more complex model:
In this model, is the coefficient of restitution and δz is the initial speed of impact.
The researches on horizontal contact forces modeling can be divided into two categories. In the first category, springs and dampers are adopted in horizontal direction. In this method, the horizontal forces are independent of the normal force. In this notion, [2, 13, 42] used linear springs and dampers to model the contact in horizontal direction.
[36] employed a linear spring and nonlinear damper:
However, because in such models the horizontal contact forces are independent of the normal force, the model is not consistent with the reality. To remedy this, some research studies used a modified coulomb model to implement contact in horizontal directions. In this notion, [37] proposed the following model:
where δẋ is the horizontal velocity of the contact point. µ is the friction coefficient and is assumed to be different for dynamic and static cases:
[50] used a different model:
[18] adopted a model based on the dynamic and static friction coefficients (µ dyn and µ stat ):
In this model, v st is a threshold which distinguishes the static and dynamic friction phases. [16] modified the Hollars friction model [45] to propose a complex frictional model to be continuous and differentiable.
Proposed model
Due to the nature of the contact which depends on specifications of the interacting bodies, variety of the proposed contact models is considerable (For example see [30] for a recent review in another field). Hence, comparing these contact models and selecting an appropriate one that is compatible with the reality for our problem is a demanding task. As a result, in order to model the contact between the robot and the environment, we first specify the characteristics of a satisfactory contact model and then propose a model to comply with theses factors.
Expected characteristics of a contact model for the interaction between the feet of a biped robot and the ground surface may be listed as:
-In the instances that the feet leave the ground surface or land on it, the contact force should be zero. This statement means that in these instances the ground surface should not exert any force to the contact points, because the deflection is zero. -The normal contact force should be positive during the interaction. As a matter of fact, due to the unilaterality premise of the contact between the feet and the ground surface, the ground should not pull the feet. -The contact elements should absorb some of the forces of the impact. This absorption depends on the materials of the feet and the ground. -The maximum penetration depth should be adjustable. This value should be independent of the robot mass or velocity of the feet landing on the ground. -Sensitivity of the model coefficients to the number of contact points, impact velocity and robot mass should be ignorable. -The friction model should have satisfactory resemblance to the reality. In fact, horizontal forces should depend on the normal forces.
Based on these specifications, a linear model cannot satisfy these requirements. The reason is that the contact force in the landing instance is zero, if the velocity of the foot is zero. The proposed models in Eq. (17) to Eq. (21) are nonlinear models which satisfy the first 3 conditions mentioned above, however they are sensitive to the impact conditions and the maximum penetration depth cannot be specified.
Due to these shortcomings, we propose a nonlinear contact model to satisfy all of the above-mentioned factors. The effectiveness of the model that is proposed in this research has been verified through simulations on human walking on treadmill [6] . The normal force in this model is stated as:
In this equation δz and δż are the deflection and rate of penetration, respectively. k z and b z are the stiffness and damping coefficients of the model. Also, l 0 is the maximum penetration depth. In this model, in the instances that the foot leaves the ground or lands on the ground surface (δz = 0), the normal force is zero. Furthermore, by using appropriate coefficients, absorption of the impact is provided and the normal force is positive. Moreover, when δz approaches l 0 , the normal force approaches infinity. As a result, the maximum penetration depth can be adjusted. Finally, since in this model the stiffness and damping ratios are amplified by increasing penetration depth, sensitivity of the model to the impact conditions is negligible. In order to model the horizontal forces of contact, we use the pseudo-Coulomb model [50] :
In this equation, if λ approaches zero, the horizontal force becomes:
which is the Coulomb model of friction (Fig. 4) . However, because the Coulomb model is discontinues in the vicinity of δẋ = 0, some oscillatory forces are appeared in numerical simulations. As a result, the parameter λ should be selected to make a compromise between the intimacy to the Coulomb friction model and generating non-oscillatory friction forces in numerical simulations.
Validation of the proposed model for normal contact
In order to show the effectiveness of the proposed contact model, we simulate motion of a ball with mass m impacting the ground surface with speed v and the corresponding penetration depth d (Fig. 5) . The inertial coordinate system is attached to the ground as depicted in Fig. 5 , while the normal reaction force is shown by F N . As a result, we have the following conditions at the impact:
We compare the proposed normal contact model Eq. (27) to the model specified in Eq. (18) which is a nonlinear viscoelastic model and is a candidate for the contact model based on the specifications we mentioned. We selected the parameters of each model such that they yield similar behavior for simulating the motion of a ball with m = 10 kg contacting the ground surface with zero velocity. Using the parameters in Table 1 , both models show very close behavior as it can be seen in Fig. 6 with m = 10 kg and in Fig. 7 with zero impact velocity. Now, to compare these models, we examine two scenarios. In the first scenario, our goal is to investigate the sensitivity of the models to the variation of the ball mass. We can see in Fig. 6 that varying the ball mass from 10 kg to 50 kg causes the change of the penetration depth from 0.8 mm to 4 mm in the model specified in Eq. (18) . However, in our proposed model, the penetration depth is changed from 0.8 mm to 1.7 mm. This simulation shows that our proposed model is less sensitive to the change of the ball contacting the ground. The other point is that we cannot directly choose the maximum penetration depth in the model of Eq. (18), while the penetration depth obtained from our model is always less than l 0 (which is 0.2 mm in this simulation). Furthermore, as we can see in Fig. 6 , the time required for our model to reach its steady state is way less than the model of Eq. (18) . As it can be observed in this figure, for the case that m = 10 kg, after 0.025 s both models reach their steady state. However, increasing the ball mass to 50 kg, the settling time of the model in Eq. (18) increases to 0.2 s, while in our model the settling time remains below 0.06 s.
In the second scenario, we change the impact velocity and compare the response of the two models. The results for this case are shown in Fig. 7 , where m = 10 kg and the impact velocity changes from δż = −v = 0 m/s to δż = −v = 0.8 m/s. As we can see in this figure, increasing the impact velocity from 0.8 m/s to 2.2 m/s causes an increase from 0.8 mm to 2.2 mm in the penetration depth in the model of Eq. (18) . However, in our model the penetration depth varies from 0.8 mm to 1.9 mm which is less than the maximum penetration depth l 0 = 0.2 mm. Furthermore, we can see that by increasing the impact velocity the settling time of the model in Eq. (18) increases from 0.025 s to 0.12 s, while in our model the settling time is less than 0.06 s.
Based on these scenarios, we can see that our model for the contact in normal direction provides the requirements for an ideal contact model. 
Drive system identification
Modeling the drive mechanism in a robotics system is perhaps the most demanding part of the dynamics modeling. This is due to the complex phenomena such as compliance, load and speed-dependent friction and etc. of the power transmission system [2] . Most electrically-actuated humanoid robots have DC motors for actuation and harmonic drives for power transmission. Many researchers used experimental data for different operating conditions to identify friction and elasticity of the drive system [46, 38, 20] . Our main goal in this section is to employ a simple representation which can replicate drive system dynamics behavior to a desired level of accuracy. The major effects that may be taken into account for identification of the drive system are the effective inertia, coulomb friction, and viscous friction of the system and some other load-dependent terms [46] . Hence, the considered general model may be represented as:
in which j is the inertia parameter, b, and c are the parameters for viscous friction (and potentially the electro-motive-force of the motor ,back emf), and f is the coulomb friction parameter . Furthermore, τ drive is the torque that is exerted by the motor, and θ is the joint angle which is measured by the encoder mounted at the output of the drive system.
In order to identify unknown parameters, a least square curve fitting approach is adopted. The input trajectories that are considered for the identification procedure are the joints trajectories for various walking speeds. These trajectories include high and low velocity, as well as low and high frequency commands. Moreover, the motor torque can be computed by measuring the motor current and multiplying it to the motor torque constant, or exploiting a torque sensor at the output of the drive system. As a result, the linear regression model may be specified as: (32) in which m specifies samples that are taken from the measured values during one experiment, and n is the number of parameters that should be identified. It should be noted that a necessary condition for identification is that m should be greater than n. Using the Moore-Penrose inverse (left pseudo-inverse), the identification routine is carried out to minimize the quadratic norm of the parameters error:
Using this method, for each experiment, a set of parameters may be obtained. As a result, in order to obtain a model which is valid for a wide range of experiments, the average value of obtained parameters may be considered as a candidate for the overall model. The obtained identified model will be acceptable, provided that it is valid for a wide range of experiments. This consistency can be evaluated using the consistency measure [46] , which is the ratio of the standard deviation ST DV to the average value AV G of each parameter.
If the consistency measures obtained for all parameters are in a desired range [46] , the obtained model is acceptable. Otherwise, some other terms should be added to the model to improve the consistency between the obtained parameters for various experiments.
After developing a consistent model for the drive system of each joint, by adding the obtained torque from this model to both models obtained in last sections, the required torque at each joint for both models with rigid and compliant contact can be obtained:
Results and discussion
In this section, after introducing specifications of the understudy humanoid robot, the procedure of developing dynamics model with both rigid and compliant contact is presented. Then, obtained results from these models are compared to the empirical measurements, and a thorough discussion on the differences and advantages/disadvantages of these two models is conducted.
Modeling the SURENA III humanoid robot with rigid and compliant contact models
The humanoid robot SURENA III (Fig. 8) is composed of 12 DOF in its lowerbody and 19 DOF in its upper-body. This robot has 6 DOF in each leg ( 3 DOF for hip, 1 DOF for knee, 2 DOF for ankle), 7 DOF in each arm ( 3 DOF for shoulder, 1 DOF for elbow, 3 DOF for wrist), one DOF in each hand (a simple gripper), one DOF in the torso and 2 DOF in the neck (Fig. 8, right) . Actuation of the lower-body is done by EC motors in each joint. The power transmission system is comprised of belts and pulleys, and harmonic drives. For the upper-body, servomotors with embedded gearbox and driver are employed. The sensory layout includes incremental and absolute encoders on the motor output and gearbox output of each joint, 6-axis force/torque sensors embedded to the ankles, and an IMU mounted on the upper-body. The mass properties and geometric attributes of this robot are specified in Table 2 .
To model the robot dynamics with rigid contact, we use the procedure explained in Sect. 2. We compute the inverse dynamics for both the SSP and DSP walking phases (Eq. (9) and Eq. (15)). In order to simulate motion of the robot with the proposed compliant contact model (Eq. (27) and Eq. (28)), a physical engine (Yobotics [41] ) is employed. Using this physical software tools, the lower-body of the robot is modeled, while the upper-body is modeled by a single rigid body (Fig. 3 a) . In the rest of this section our focus will be on bipedal walking of the robot, while simulation results for the whole body motion with the upper-body joints have been discussed by the authors [23] . In order to increase the precision of the multibody model in estimating joint torques, we identify the drive system dynamics and add it to the multibody dynamics with rigid and compliant contact models. The drive system of the SURENA III humanoid robot is composed of EC motors, pulleys and timing belts, and harmonic drive gears. In Fig. 9 , the components of the drive system and the developed teststand for the identification purpose are shown. The three major effects that are taken into account in our identification routine are the effective inertia, coulomb friction, and viscous friction of the system. Hence, the considered model may be represented as:
in which N p and N h are the pulley and harmonic reduction ratios, k m is the motor torque constant, and i is the motor input current. j , b , and f are the parameters that should be identified. It should be noted that since no torque sensor is available at the output of the harmonic drive, the load-dependent terms are not included in this model.
Using the procedure that has been described in sect. 4, the identification routine is carried out and the obtained values for the identified model are summarized in Table 3 . These values are obtained by applying 5 experiments using the knee joint motion for walking from 0.3 km/h to 0.7 km/h.
As it can be observed in Table 3 , the obtained consistency measure for the parameter f is absolutely acceptable. Also, for the parameters j and b this measure is satisfactory for our comparison purpose [46] . Therefore, the obtained model with average values moderately estimates the dynamics of the drive system for various walking speeds.
In Fig. 10 , the identified model for the drive system of the knee joint is plotted. As it can be observed, the model fairly estimates the behavior of the drive system at the speed of 0.5 km/h. Also, in order to analyze effects of the components of the model, in Fig. 11 each effect is plotted, separately. As it can be seen in this figure, the inertia and viscous friction have the dominant effect in high velocity and acceleration motions. However, the coulomb friction effect has an approximately constant value which varies when the direction of motion changes. In order to compare the results obtained from the developed models and experiment, a walking pattern with the speed of 0.5 km/h is generated [25] , and the joint trajectories are applied to the models and experimental setup. The joint actuating torques for the models are obtained, using Eq. (35) . For the real robot, the motors' current are measured and logged during the motion. The joint torques are computed by multiplying the measured current to the motor torque constant. Fig. 12 compares the obtained results from the models and experiment for the lower-body joints. As we can observe in this figure, both models fairly estimate the required torque for all the joints. This can be highlighted, when we can see that both models estimate the maximum and minimum values of the experimental data precisely, while they also follow the trend of the experimental torque profile. However, at some parts of the torque profiles we can see some error between the models and the experimental results. This stems from many factors such as error in drive system identification, difference between the contact model and real contact, error in parameters of the robot, etc. Furthermore, we can see some outliers in the experimental measurements such as the hip in x-direction at t = 2.5 s. The other point we can see in this figure is that in the torque profile of the ankle joint in x-direction, there exists an offset between the models and experimental measurements for the negative values. This observation suggests that the robot sways in the simulation more than the real experiment.
Based on the obtained results in Fig. 12 , it is hard to say which model better estimates the joint torques. In fact, based on Eq. (35) the required torque at each joint depends on both the drive system and multibody dynamics, while the contact dynamics just affects the multibody dynamics. Since the gear ratio at each joint of our robot is relatively high (360 or 475), the drive system dynamics is the dominant part of the torque required at each joint. Furthermore, further inspection on the equations of motion Eq. (2), together with the corresponding generalized forces Eq. (7) and Eq.(10) reveals that the required toque of the multibody dynamics is sum of both projection of the contact forces to the generalized coordinates space and the inertial and gravitational effects. However, the gravitational and inertial effects do not directly depend on the rigid or compliant nature of the contact. As a result, we can conclude that both models yield satisfactory estimation of the required joint torque at each joint, while employing the model with rigid contact for computing the joint torques is preferable due to its less computation burden. As a result, for optimizing walking patterns in terms of torque-based cost functions, analyzing generated gaits, and designing model-based controllers the model with rigid contact can be effectively used.
In Fig. 13 the interaction forces obtained from the model with rigid contact, and the model with compliant contact are compared to the experimental results measured using the 6-axis force/torque sensors embedded to the ankles. As it can be observed, the model with compliant contact (green) better estimates the horizontal interaction forces compared to the model with rigid contact (blue). In fact, the model with compliant contact better estimates the maximum and minimum values which have significant role in estimating the foot slippage. As a result, the proposed compliant contact model yields more realistic results and it can predict slippage of the feet better than the model with rigid contact. The reason is that in the reality, always there exist some compliance between the robot feet and the ground surface.
For the normal component of the interaction forces, both models yield satisfactory results. Furthermore, it can be seen in this figure that the normal force is always positive and the unilaterality constraint is respected in both models. The other advantage of the model with compliant contact compared to the model with rigid contact is that it is not required to specify the walking phases in advance. In fact in this model, if the swing foot lands on the ground sooner or later than it is expected [24] , or maybe it lands on the edge of the foot, these effects are simulated and consistent results are computed. However in the model with rigid contact, the gait phases should be specified and the solution for each phase should be computed separately. Hence, if the swing foot lands on the ground with zero velocity (due to uncertainties), we need to take into account the impact phenomenon separately, while for the model with compliant contact it is simulated automatically. Hence, we can conclude that in order to simulate the generated gaits or designed controllers, the model with compliant contact can yield more realistic results even in the presence of uncertainties and unwanted disturbances such as impact. As we discussed in Sect. 2, the proposed inverse dynamics solutions are valid as long as the feasibility constraints are satisfied. The first constraint, i. e. the normal forces should be positive and unilateral, has been shown to be valid in Fig. 13 . For slippage avoidance, the required friction coefficient should be less than the available friction coefficient between the feet and the surface. As we observed in Fig. 13 , the model with compliant contact can better estimate the required friction coefficient for a given walking pattern. To check that the stance foot (feet) does not rotate around the edges of the support polygon (as it is planned [25] ), in Fig. 14 and Fig.  15 the ZMP trajectories obtained from the models with compliant contact and rigid contact are shown. As it can be observed, the ZMP obtained from the model with rigid contact is strictly inside the support polygon which guarantees that the stance foot (feet) does not rotate. Furthermore, we can see that the fluctuations of the ZMP trajectory for the model with compliant contact are more than the model with rigid contact. This is because of the fact that deflections of the contact points generate more oscillatory interaction moments. This is a more realistic situation compared to the model with rigid contact. Hence, the generated gaits that are feasible based on simulation of the model with compliant contact are more reliable to be tested on the real robot.
As we discussed in Sect. 2, if the feasibility constraints are not satisfied, and the stance foot starts to rotate due to the uncertainties, then the obtained solutions are not valid for the model with rigid contact and consistent solution with the real scenario should be computed. This means that for different contact conditions, different solutions should be computed. For instance, we computed the inverse dynamics solution for various gait phases such as toe-off and heel-contact in our previous works [8, 43, 44] . However, the model with compliant contact can cope with this situation and the results are automatically adapted to the real contact condition. Finally, in Fig. 12 snapshots of the robot walking in the simulation environment (Yobotics) and the real environment for one gait cycle are illustrated.
Conclusion
In this paper, a comparison between two dominant contact modeling approaches in the field of bipedal locomotion, i. e. rigid and compliant contact was carried out. For modeling with rigid contact, the multibody of the robot was modeled consistent with holonomic constraints, and the inverse dynamics solution in each phase was computed. For the model with compliant contact, the multibody of the robot was modeled in a physical engine, while the interaction was modeled using the proposed nonlinear contact model. Furthermore, in order to improve the precision of both models in estimating joint torques, a linear identification approach was exploited to estimate the drive system dynamics. Adding the multibody dynamics to the drive system dynamics, the required actuating torques for both models with rigid and compliant contact were computed. In order to conduct the comparison, the results obtained from applying a feasible walking pattern to both models and the experimental setup were analyzed. This comparison revealed that both models yield satisfactory joint torques estimation. Since the model with rigid contact is less complex compared to the model with compliant contact, this model can be effectively used in optimizing and analyzing walking patterns, as well as designing model-based walking controllers. However, this model does not take into account the impact phenomenon, the walking phases should be specified in advance for this model, and the computed interaction forces and moments are not precise enough for simulating the robot motion. On the other hand, the model with compliant contact without having these constraints but with more complexity which demands more computational cost is suitable for simulating motion of the robot in a more realistic scenario.
